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We examine some consequences of the QCD factorization approach to non-leptonic B decays into ttK 
and TTTT final states, including a set of enhanced power corrections. Among the robust predictions 
of the approach we find small strong-interaction phases (with one notable exception) and a pattern 
of CP-averaged branching fractions, which in some cases differ significantly from the current central 
values reported by the CLEO Collaboration. 



1 Introduction 

The observation of B decays into ttK and tttt 
final states has resulted in a large amount 
of theoretical and phenomenological work 
that attempts to interpret these observations 
in terms of the factorization approximation 
(FA), or in terms of general parameteriza- 
tions of the decay amplitudes. A detailed un- 
derstanding of these amplitudes would help 
us to pin down the value of the CKM angle 
7 using only data on CP-averaged branching 
fractions. Theoretical work on the heavy- 
quark limit has iiistified the FA as a use- 
ful starting pointtra, but predicts important 
and computable corrections. Here we discuss 
the most important consequences of this ap- 
proach for the ttK and tttt final states. ° 

To leading order in an expansion in pow- 
ers of Aqcd/'71{,, the B — > ttK matrix ele- 
ments obey the factorization formula 

{irKmB) = f^^^O) fK Ti-,, * 
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+ /f^^(0)/.T^*$. (1) 

where Qi is an operator in the weak effec- 
tive Hamiltonian, /f ^*^(0) are semi-leptonic 
form factors of a vector current evaluated at 
g2 — 0, <i>M are leading-twist light-cone dis- 
tribution amplitudes, and the *-products im- 
ply an integration over the light-cone momen- 
tum fractions of the constituent quarks inside 
the mesons. When the hard-scattering func- 
tions T are evaluated to order a^, Eq. ([^) 
reduces to the conventional FA. The subse- 
quent results are based on kernels including 
all corrections of order a^. A detailed justi- 
fication of (|l]) is given in Ref. □. Compared 
to our previous discussion of tttt final statescJ 
the present analysis incorporates three new 
ingredients: 

i) the matrix elements of electroweak 
(EW) penguin operators (for ttK modes); 

ii) hard-scattering kernels for general, 
asymmetric light-cone distributions; 

iii) the complete set of "chirally en- 
hanced" l/rub corrections. 



1 



The second and third items have not been 
considered in otheiu generahzations of Ref. lil 
to the i:K final states. The third one, in par- 
ticular, is essential for estimating some of the 
theoretical uncertainties of the approach. 

We now briefly present the input to our 
calculations. Following Ref. Id, we obtained 
the coefficients ai (ttK) of the effective factor- 
ized transition operator defined analogously 
to the case of tttt final states, but aug- 
mented by coefficients a7_io(7rii') related to 
EW penguin operators and electro-magnetic 
penguin contractions of current-current and 
QCD penguin operators. A sensible imple- 
mentation of QCD corrections to EW pen- 
guin matrix elements implies that one de- 
parts from the usual renormalization-group 
counting, in which the initial condition for 
EW penguin coefhcients is treated as a next- 
to-leading order (NLO) effect. Our NLO ini- 
tial condition hence includes the as correc- 
tions computed in Ref. □. 

Chirally enhanced corrections arise from 
twist-3 two-particle light-cone distribution 
amplitudes, whose normalization involves the 
quark condensate. The relevant parameter, 
2fiT,/mb = -4:{qq)/{f^mb), is formally of or- 
der Aqcd/™&, but large numerically. The 
coefRcients ag and as are multiplied by this 
parameter. There are also additional chi- 
rally enhanced corrections to the spectator- 
interaction term in which turn out to 
be the more important effect. In both cases, 
these corrections involve logarithmically di- 
vergent integrals, which violate factorization. 
For instance, for matrix elements of V ^ A op- 
erators the hard spectator interaction is now 
proportional to (u = 1 — u) 

/ ——'^k{u) + — - 

Jo u V \ nib uj 

when the spectator quark goes to the pion. 
(Here we used that the twist-3 distribution 
amplitudes can be taken to be the asymp- 
totic ones when one neglects twist-3 correc- 
tions without the chiral enhancement.) The 
divergence of the w-integral in the second 
term as ■D — > implies that it is dominated 



by soft gluon exchange between the spec- 
tator quark and the quarks that form the 
kaon. We therefore treat the divergent in- 
tegral X — J^idv/v) as an unknown param- 
eter (different for the penguin and hard scat- 
tering contributions), which may in princi- 
ple be complex owing to soft rescattering in 
higher orders. In our numerical analysis we 
set X = ln(TOB/0.35 GeV) -I- r, where r is 
chosen randomly inside a circle in the com- 
plex plane of radius 3 ( "realistic" ) or 6 ( "con- 
servative"). Our results also depend on the 
_B-meson parameter^ Xb, which we vary be- 
tween 0.2 and 0.5 GeV. Finally, there is in 
some cases a non-negligible dependence of 
the coefficients ai{TTK) on the renormaliza- 
tion scale, which we vary between mb/2 and 
2r7ifc. 

2 Results 

We take iKb/Kbl = 0.085 and TO,(2GeV) = 
110 MeV as fixed input, noting that ulti- 
mately the ratio iV^b/ycfcl, along with the 
CP-violating phase 7 = arg(l^*j), might be 
extracted from a simultaneous fit to the B — 
ttK and B ^ tttt decay rates. 

2.1 SU{3) breaking 

Boundsi^i on the CKM angle 7 derived from 
ratios of ttK branching fractions, as well as 
the determination of 7 using the method of 
Ref. Q, rely on an estimate of SU (3) flavour- 
symmetry violations. We find that "non- 
factorizable" S'[/(3)-breaking effects (i.e., ef- 
fects not accounted for by the different decay 
constants and form factors of pions and kaons 
in the conventional FA) do not exceed a few 
percent at leading power. 

2.2 Amplitude parameters 

The approach discussed here allows us to ob- 
tain the decay amplitudes for the tttt and ttK 
final states in terms of the form factors and 
the light-cone distribution amplitudes. The 
TT^TT*' final state is very poorly predicted and 
will not be discussed here. We write 
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Table 1. Parameters for the B — + nK amplitudes as 
defined in (bl), for conservative variation of all input 
parameters (see text). 





Range, NLO 


LO 




(0.017-0.020) [13,21]° 


0.02 


£3/2 e^* 


(0.20-0.38) e'[-30'7]° 


0.36 




(0.53-0.63) e*[-^'3]° 


0.64 




(0.20-0.29) e^[-i9'3]° 


0.33 


qc e'"^ 


(0.00-0.22) [-180,180]° 


0.06 


[P/T)^. 


(0.19-0.29) e^[-i^23]" 


0.16 



and parameterize the ttK amplitudes bj'^l 
A{B+ 7T+K°) ^P(l-ea e"'e''^) 



1 - Sa e^'e"" 



(2) 



P 



1 - Sa e"'e 
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and V2A{B° Tr"K") = A{B+ ti+K^) + 
V2AiB+ Tr°K+) - A{B° TT-K+). Ta- 
ble I summarizes the numerical values for 
the amplitude parameters for the conserva- 
tive variation of X, and variation of the other 
parameters as explained above. The LO re- 
sults correspond to the conventional FA at 
the fixed scale fi = mi,. They are strongly 
scale dependent. In comparison, the scale- 
dependence of the NLO result is small, with 
the exception of qc e*'^'^ . One must keep in 
mind that the ranges may overestimate the 
true uncertainty, since the parameter X may 
ultimately be constrained from a subset of 
branching fractions. This is true in particu- 
lar for the quantity £3/21^1 Table which can 
be extracted from datafl 

2.3 Ratios of CP-averaged rates 

Since the form factor /+ (0) is not well known, 
we consider here only ratios of CP-averaged 
branching ratios, discarding the tt'^tt'^ final 
state. We display these as functions of the 
CKM angle 7 in Fig. 0. 
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Figure 1. Ratios of CP-averaged B — > ttK and tttt 
decay rates. The scattered points cover a realistic 
(dark) and conservative (light) variation of input pa- 
rameters. The dashed curve is the LO result, corre- 
sponding to conventional factorization. 
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Table |i| shows that the corrections with 
respect to the conventional FA are signif- 
icant (and important to reduce the renor- 
malization-scale dependence). Despite this 
fact, the qualitative pattern that emerges 
for the set of ttK and tttt decay modes is 
similar to that in conventional factorization. 
In particular, the penguin-tree interference 
is constructive (destructive) in i? — s- tt+tt" 
{B TT-K+) decays if 7 < 90°. Taking the 
currently favoured range 7 — (60 ± 20)°, we 
find the following robust predictions: 

Br(7r+7r" 



2Br(7r"i^O) 
2Br(7r"ii'±) 
Br(7r±if") 
Tb+ Br(7r=Fii:±) 



= 0.5-1.9 



= 0.9-1.4 



0.9-1.3 



= 0.6-1.0 



[0.25 ±0.10] 
[0.59 ±0.27] 
[1.27 ±0.47] 
[1.00 ±0.30] 



The first ratio is in striking disagreement 
with current CLEO datati (square brack- 
ets). The near equality of the second au] 
third ratios is a result of isospin symmetry. 
We find Bt{B tt^K^) = (4.5 ± 2.5) x 
10-^(Kb/0.039)2(/f^'^(0)/0.3)2 almost in- 
dependently of 7. This is three time smaller 
than the central value reported by CLEO. 

2.4 CP asymmetry in B —t tt+tt^ decay 

The stability of the prediction for the tt+tt^ 
amplitude suggests that the CKM angle a 
can be extracted from the time-dependent 
mixing-induced CP asymmetry in this decay 
mode, without using isospin analysis. Fig. |^ 
displays the coefficient S of — sin(AAfB^i) 
as a function of sin(2a) for sin(2/3) = 0.75, 
which may be compared with the result in 
Rcf. i. For some values of S there is a two- 
fold ambiguity (assuming all angles are be- 
tween 0° and 180°). A consistency check of 
the approach could be obtained, in principle, 
from the coefficient of the cos(Ar7iB^<) term. 

3 Conclusions 

We have examined some of the consequences 
of the QCD factorization approach to B de- 
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Figure 2. Mixing-induced CP asymmetry in _B — > 
7r+7r~ decays. The lower band refers to values 45° < 
a < 135° , the upper one to a < 45° (right) or 
a > 135° (left). We assume a, /3, 7 S [0, tt]. 

cays into nK and tttt final states, leaving a de- 
tailed discussion to a subsequent publication. 
Here we have focused on robust predictions 
for ratios of CP-averaged decay rates. Our 
result for the ratio of the B — > tt+tt" and 
B TT^K^ decay rates is in disagreement 
with the current experimental value, unless 
the weak phase 7 were significantly larger 
than 90°. 
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